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The steady flow of a highly rarefied ionization gas through a channel with 

a magnetic field normal to the channel wall is studied, The solution is ob

tained by a Monte Carlo procedure, This method consists of following sample 

ions through the channel. By tallying properties of these ions as they pass 

scoring cross sections of the channel, the various local properties of the 

flows such as density, mass flow, energies, and wall shear stress are obtained. 

These results for the small magnetic field cases were compared with the limit

ing analytical solutions for no magnetic field and were in good agreement with 

them, 


INTRODUCTION 


There is a growing interest in the flow of highly rarefied ionized gases 
through a magnetic field. This interest is due to the many new engineering 
applications in such fields as thermionic power conversion, fusion research, 
and reentry problems, The equations to be solved for the flow of a rully 
ionized gas through a channel for collisionless rarefied gases are very complex 
and not readily solvable by the usual analytical procedures (ref. 1). 

The Monte Carlo procedure was used in the present case to obtain the 

various flow characteristics and to give am insight into the behavior of the 

flow of a collisionless rarefied fully ionized gas through a flat plate channel, 

These solutions can be used for comparison with other techniques and also to 

illustrate the use of the Monte Carlo technique for similar types of problems. 


The present model consists of a finite length channel of infinite depth 
as shown in figure 1, There is a uniform magnetic field B2 normal to the 
channel wall. The left and right end of the channel are open to reservoirs 
containing a fully ionized gas in a Maxwellian distribution of velocities at 
the same temperatures but different densities and pressures. The mean free 
path in the gas is considered large compared with the dimensions of the channel 
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so t h a t  in te r ion ic  co l l i s ion  e f f ec t s  can 
be neglected i n  the channel. The only 
co l l i s ions  inside the  channel will be by 
the  ions with the  w a l l s .  The ions a re  
assumed t o  be re f lec ted  from the  w a l l s  
d i f fuse ly  with a veloci ty  d is t r ibu t ion  
based on the  temperature of t h e  w a l l .  It 
i s  assumed t h a t  the  w a l l  i s  a t  t he  same 
temperature as the  reservoirs.  The elec
t r i c a l  charge of the molecule i s  assumed 

Figure 1. - Model. 	 unchanged by the w a l l  ref lect ion.  Other 
conditions can be readi ly  assumed by using 

a similar Monte Carlo procedure. The ionized gas can be considered t o  be com
posed of posi t ive,  negative, and neut ra l  molecules. In  the  present model each 
specie can be t r ea t ed  independently since the  in te rac t ion  between them i s  con
sidered negligible,  and then these solutions can be summed t o  give the  overa l l  
r e s u l t s  . 

The Monte Carlo procedure consis ts  of following the  probable h is tory  of 
a sample charged ion through the  channel. By use of a high-speed electronic  
computor a la rge  number of these sample h i s to r i e s  can be carr ied out i n  a short  
time and from these the  desired mean quant i t ies  are  obtained. This method 
follows the  techniques used i n  solving thermal radiat ion problems by Monte 
Carlo and i s  described i n  reference 2. 

The through-flow and transverse mass flow profi les ,  the  l o c a l  density, 
and the  temperatures as well  as  the wall shear s t r e s s  d i s t r ibu t ion  are  given. 
These r e su l t s  a r e  obtained by scoring various properties of the molecules as 
they pass d i f fe ren t  cross sections of the  channel. The solution f o r  t he  case 
of neut ra l  molecules o r  the case of negligible magnetic f i e l d  has been obtained 
ana ly t ica l ly  ( r e f .  3) and i s  used as  a l imi t ing  case check on the Monte Carlo 
r e su l t s .  

SYMBOLS 


B2 magnetic flux density 

C number of molecules represented by sample molecule, m/MN 

D height of channel 

E k ine t i c  energy 

e charge of molecule 

f veloci ty  d is t r ibu t ion  of molecules 

f M  Maxwellian ve loc i ty  d is t r ibu t ion  

fii Maxwellian d is t r ibu t ion  of molecules moving i n  posi t ive x1
direct ion 

L scoring cross sect ion along x1 
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M 

m 

mL 


N 


n 


P 


R 


Rg 


ra 


S 


T 


length of channel divided by height 


mass of molecule 


mass flow rate per unit area 


mass flow in from left reservoir, pL/(zx1/2p) 


number of trial molecules entering channel per unit time per unit 

area 


number of sample molecule 


pressure 


shear stress on surface in xl-direction 


quantity being carried by sample ion 


increment number along x1 


random number between 0 and 1 


gas constant 


Larmor radius divided by channel height, (PDLO) 
-1 


number of molecules passing through increment 


temperature 


components of mean flow 


molecular velocity 


dimensionless velocity in xl,x3-plane 


dimensionless molecular velocities in coordinate directions, V/Do 


coordinates divided by channel height D 


section of channel 


parameter ( ZRT)-1/z 

angle (see fig. 3) 


polar angle 


density 


time multiplied by cyclotron frequency CD 
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Jr cone angle 

w eBZ/M cyclotron frequency 

Subscripts : 

av average 

i i n i t i a l  time, T = 0 


L l e f t  reservoir 


L location along x1 


M marginal d i s t r ibu t ion  


m Maxwe11ian 


P increment number along x2 


R r i g h t  reservoir 


W w a l l  


A,P lower o r  upper w a l l ,  respectively 


D integration over a l l  ve loc i t i e s  i n  plus 


Superscripts: 


mean value, fi > f  d% 

+ i n  posi t ive xl-direction 

-	 i n  negative xi-direction 

1 undirected component 

xZ-direction 

MONTE CARLO PROCEDURE 

The model ( f i g .  1) consists of two plates  whose length divided by the  
channel height i s  1. The plates  a re  i n f i n i t e  i n  depth. There i s  a magnetic 
f i e l d  of strength BZ normal t o  the  plates.  The gas i n  the l e f t  reservoir 
has a density pL while t he  r i g h t  reservoir i s  a t  pR. The molecules are of 
mass M and charge e. The molecules i n  both reservoirs a re  assumed t o  be i n  
Maxwellian equilibrium a t  t he  same temperatures but  d i f fe ren t  pressures and 
densit ies.  It i s  assumed tha t  there  a re  no in t e r ion ic  col l is ions i n  the chan
nelbecause the mean f r e e  path i s  large compared with the dimensions of the 
channel. 

The Monte Carlo procedure consists of following probable h i s to r i e s  of 
sample molecules through the channel. All of the sample molecule h i s to r i e s  
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begin a t  the  channel entrance XI = 0. The number of molecules CL t h a t  each 
sample molecule enter ing from the  l e f t  reservoir  represents i s  given by 

mL 
CL = fq 

where m i s  the  m a s s  flow r a t e  per un i t  area, mL = ~ - / ( Z f l ~ / ~ p ) ,entering the  
channel ?refs. 3 and 4) NL i s  t he  number of t r i a l  molecules used per un i t  
entrance area per u n i t  time. 

The Monte Carlo flow chart  used i n  the  present calculations i s  shown i n  
f igure 2. The sample molecule h is tory  begins with the  molecule entering the  

<1> 
<2> 

~ -Pick 
Tally

Vli = VlL; v 2 i  = V2G +; x i  = 0; p
v3i = ~ ~ ~ ( e q s . ( 2 ) ,(3)) 

~ 

<3> 

P r i n t  out = - x2i Tw = ~ 

1- x2i 
results and stop Tw -

"2 i v2i 

-
Figure 2. - Monte Carlo flow chart. 
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channel from the left reservoir. The position x2i representing the height at 

which the molecule enters the channel is given by R, where R is a randomly 

chosen number between 0 and 1. This is true because the molecules are equally 

likely to enter the channel at any value of x2. The magnitude of the speed of 
the molecule Vi, and the angles $ and 8, which determine its direction, as 
derived in the appendix (eq. (A5) or (AS)), can be obtained from 


or 


% = (2c) 

where each R represents a new random number, v is the dimensionless velocity 
that goes from 0 to CQ, $ is the cone angle from 0 to z/2, and 8 is the polar 
angle from 0 to 23~. Then the initial components of velocity of the sample 
molecule that enter the channel from the left reservoir are 

v u  = v cos $ (34 

vZL = v sin $ sin 6 (3 )  

v3L = v sin $ cos 8 (34 

By choosing random numbers between 0 and 1,we can obtain a velocity and 
direction for the molecule entering the channel that, when taken over a large 
number of trials, will satisfy the correct theoretical distribution as given in 
equation (A3). These velocities are determined at (1)in the flow chart, where 
( ) refers to a particular location in $he flow chart. After the ions enter 
the channel, their behavior w i l l  be determined by the relations (ref. 5) 

which are the equations of motion for an ion through a magnetic field. The T 

is the nondimensional time given in the nomenclature. These equations can be 

solved to give the velocity components as a function of time: 


6 



v2 = v2i 

v3 = vli s i n  T + v3i cos T 

where the  subscript i refers  t o  time T = 0. 

The positions of the molecule as a function of time can be obtained from 

(x3 - x3i) = v3i s in  T + vli(l - cos T) ( 6 4  

m e  ion w i l l  t r a v e l  i n  a he l i ca l  path t h a t  i s  circular  i n  the xl, x3-plane and 
will move with a constant component of velocity i n  the +x2-direction. The 
radius of the c i rcu lar  ion path i n  the xl, x3-plane, called the gyromagnetic 
radius, divided by the distance between the plates  i s  

The average gyromagnetic radius divided by the  width of the channel fo r  a l l  the  
molecules based on conditions i n  the  l e f t  reservoir  i s  

which i s  equal t o  the Larmor radius divided by the width of the channel. The 

We can define v1 = VR cos r and 
~3 = VR sin y, while vli = vR COS ri and 
v3i = vR s i n  Ti ( f ig .  3). Substi tution in to  equa
t ion  ( sa )  or (5c) gives T = y - ri. The angle y 
can then be calculated from the following equation: 

y = sin-1 r<) (9) 

The component of veloci ty  v2 i s  unchanged by the  
magnetic f i e ld ,  and the  time a t  which the sample 

ITmin ion w i l l  s t r i ke  the  upper or lower wall a f t e r  

Figure 3. - Velocity relations. 
entering the channel i s  Tw = (1- xZi)/vzi or 
Tw = - X 2 i / V 2 i  (see f ig .  2, (3)). Also, the  posi

7 
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t i o n  x1 a t  time ‘t can be determined from equation (6a) t o  be 

It i s  necessary t o  know the  time zg t h a t  a molecule will reach some given 

posi t ion xl = @. ’l”nis can be obtained from equations (5c) and (6a) since 

E - Xli = V3@ v3i -


where the  -l- and - a re  used according t o  the  direct ion the  molecule i s  
traveling. Subst i tut ion i n t o  equation ( 9 )  gives YE, which can be used t o  f ind 
the  time, ‘t@= - Ti. With the  time known, the various parameters t h a t  a re  

From equation (6a) evaluated a t  timescored can be obtained. 

xlw, where the  molecule s t r i k e s  t h e  wall, i s  obtained (5). 


‘tw, the  posi t ion 

The sample molecule may reach a maximum value of XI, however, and then 
s tar t  t o  c i r c l e  back before s t r ik ing  the w a l l .  This maximum value of XI w i l l  
occur i n  t h i s  case a t  T~~~ = fl/2 - Ti ( 4 )  (see f i g .  3 ) .  Then i f  T~~ i s  
l e s s  than Tw, t he  molecule w i l l  t u rn  before s t r ik ing  the  w a l l ,  and x ~ ,is  ~ 
evaluated a t  Tmax (6).  x i  = 62: ( 7 ) ,  i t sIf t h e  molecule passes a value of 
important charac te r i s t ics  a re  t a l l i e d  (8). I n  the  present case 62: w a s  taken 
a t  0, 2/4, 2/2, 32/4, and 2. It may pass the e x i t  plane ( 9 )  a t  which point it 
i s  t a l l i e d  and a new molecule i s  s tar ted.  If the molecule s t r ikes  the  wal l  
t h i s  i s  scored i n  the appropriate w a l l  increment (ll), and the molecule i s  re -
emitted from t h i s  point i n  a new direct ion with a new veloci ty  ( 1 2 ) .  The new 
direct ion i s  picked from a population based on diffuse re f lec t ions  from the  
w a l l s ,  and a new ve loc i ty  from a population based on a wall  temperature, which 
i n  this case i s  taken equal t o  the  temperature of the reservoir,  This means 
v, 8, and $ a re  obtained from equations (2a),  (Zb), and (2c). 

The components of veloci ty  from the lower w a l l  a re  now given by (12a) 

vlA = v s i n  @ s i n  8 

v3A = v s i n  $ cos 8 

while f o r  the  upper walls (12b) 

vlP = v s i n  @ s i n  8 

v
21.1 

= -v cos $ (13) 

v3p = v s i n  I!, cos 8 

If the molecule i s  ref lected from the w a l l  with a posi t ive vl-component, the  

8 
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molecule goes through a s imilar  procedure as j u s t  described (13); however, i f  
the  molecule i s  reemitted with a negative component of vi, then T~ i s  com
pared with ~ ~ i ~ ,the  time f o r  the  molecule t o  reach i t s  minimum value of xl. 
A s  seen from f igure 3 this i s  given by Tmin = (3n/2) - ri (14). Then ~ 1 , ~ : ~  
i s  calculated from whichever t i m e  i s  smaller, 'tminor awall  (15). Again the  
per t inent  values a re  scored each t i m e  t h e  molecule passes a scoring posit ion,  
x1 = E (16). If the  molecule leaves the entrance it i s  scored (17)  and a new 
molecule i s  s tar ted;  however, if it does not leave through the entrance, it may 
h i t  t he  w a l l  (11)i n  which case it i s  t a l l i e d  and reemitted as discussed 
before. If it does not h i t  t h e  wall o r  leave the  channel, it w i l l  s tart  t o  
c i r c l e  back, and now Tmax = Tmin + fl ( f ig .  3) and the  usual procedure con
t inues (19). If it reaches i t s  maximum value of x1 and does not leave the  
end of the  channel or s t r i k e  the  w a l l ,  it w i l l  again c i r c l e  back with 
T~~~ = n + amax ( f ig .  3) and the  molecule i s  followed as before (20). When DN 
molecules have been followed, t h e  r e s u l t s  are  pr inted out and t h e  program i s  
stopped (21) .  

MEAN FLOW VALUES 

Transport of Some Ion Property Q i n  Channel 

A t  some point along the  channel length x1 = 2, the  channel height i s  
divided i n t o  increments of width Axz. I n  the  present case 20 increments 
across the  channel height were used. Increment p i s  given by 
P = ( ~ 2 / ~ 2 ) i n t e g e r+ 1. The amount of Q t h a t  i s  being carr ied across the  
incremental area Ax2 i n  the  posi t ive and negative xl-direct ions i s  then 
given by 

where the  subscripts L and R denote the  sample molecule or igin i n  the l e f t  
or r i g h t  reservoir.  The terms S+ and S' are  t h e  number of sample molecules 
passing through the  increment i n  the  posi t ive xl- or  negative xl-directions, 
respectively. Subst i tut ing from the def in i t ion  of C from equation (1)w e  
obtain 

9 
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/CC+ CC- \ 

The previous operation i s  possible because there  i s  no interact ion between the 

of mL. A similar  

r e l a t ion  holds fo r  the sample ions entering f r 6 m  the  r igh t  reservoir a 

Mass Flow Profi le  Through Channel 

Since the  loca l  m a s s  flow through the channel i s  given by 

pU1 = M .f Vlf d%, Q i n  equation (15) fo r  t h i s  case i s  1. The ul i s  the 
l o c a l  mean through-flow velocity i n  the xl-direction and is  equal t o  

Vlf d%. The numerical calculations showed that the r e su l t s  for 

were equal a t  x1 and 2 - xl. By symmetry @+ - s-)L,xl,p 

NLD b 2  NLD A 2  

i s  equal t o  
-(s+ - ") R, 2 -xl, p. Using these re la t ions  i n  equation (15) gives

NRD &2 

Relating t h i s  equation t o  equation (16) shows that pu
1mL=mR 

= 0; t h a t  is, 

when the two reservoirs are  a t  the same condition there  is  no net through-flow 
anywhere i n  the channel. Equation (17)  shows tha t ,  fo r  t h i s  case, it i s  only 
necessary t o  consider the sample molecules originating i n  the l e f t  reservoir t o  
obtain the complete solution. The axial mass prof i le  r e su l t s  a re  shown i n  
f igure 4. The curves are  symmetric between the upper and lower halves of the 

and a l so  symmetric around the f ront  and back ends 

The so l id  l ine ,  which i s  the ana ly t ica l  solution for ra = M) ( re f .  4), i s  
i n  good agreement with the  Monte Carlo r e su l t s  f o r  ra of 1000. Thus, f o r  
t h i s  value of ra the solution i s  close t o  the l imit ing case fo r  no magnetic 
f ie ld .  Also the  f a c t  t h a t  t he  r e su l t s  a r e  i n  agreement for the  two d i f fe ren t  
methods indicates the va l id i ty  of the Monte Carlo procedure. 
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Larmor radius 
divided by chan

nel height, 
‘a 

(I0.05 

h
b 
b 
B
d	
4 
4 

I 

(a) Channel length divided by height, 2 - 0.1. 

Ib) Channel length divided by height, 1 = 1.0. 

‘a 
Length coordinate 
divided by chan

nel height, 
X 1  

8 14}Monte Carlo 
a 112 results 

-Fitted curve 
Analytical solution 

(ra - 4 

0 . I  . 2  
pul/(mL - mR) 

(c) Channel length divided by height, 1 - 5. 

Figure 4. - Axial mass flow profile. 
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The average mass flow through the  channel can be obtained from equa
t i o n  (17)  by summing the  results for  each increment and then dividing by 
the  number of increments: 

where ( S C ) ,  
J Yp 

i s  the  t o t a l  number of t r i a l  molecules leaving t h e  r igh t  end 

of t h e  channel through the  increment Ax2. These r e s u l t s  a r e  shown i n  f i g 
ure 5. It can be seen t h a t  as ra decreases, t he  mass flow through the  chan
n e l  decreases. This i s  t rue  because, for  s m a l l  values of ra ,  the  charged 
molecules are  trapped t o  ro t a t e  i n  s m a l l  c i rcu lar  o rb i t s  around the  magnetic 
l i n e s  of force. 

1.0 F; 

1 
Figure 5. - Average mass flow through channel. 

Transverse Mass Flow 

The flow i n  the x3 or depth 
direct ion i s  given by 

pug = M $.V3f dV; then i n  equa

t i o n  (15) f o r  t h i s  case Q = V3/V1. The 

numerical calculations showed t h a t  the 
r e su l t s  f o r  

Y 

were the  same a t  xi and 2 - x1. If the  same procedure i s  followed as 
= 0, and we obtain 

A s  f o r  pul, t he  flow pu3 i s  symmetric around the  midplane p a r a l l e l  t o  t he  
channel walls pu3,X2 = ~ ~ 3 , 1 - ~ ~and it i s  a l s o  symmetrical around the  m i d -

plane between the  f ron t  and r ea r  ends of the channel; pug 
J 1  

1 2  




The average transverse flow through the channel can then be obtained by

summing the flow across the channel and dividing by the channel height: 


These results are shown in figure 6. When there is no magnetic field 
l/ra = 0 and the transverse flow is zero. The transverse flow begins to de-

Length coordinate 
divided by chan

24 nel height, 6 

M 


16 

-1 12 
‘a 

8 


4 

(a) Channel length divided by height, 1= 0.1. (b) Channel length divided by height, 1 = 

Figure 6. -Transverse flow ac,ross channel. 

Channel 
length 

divided by 
height, 

1 

1.0 and 5. 

crease for large values of l/ra corresponding to large magnetic fields. This 
is true because the molecules are making orbits of very small radii around the 
magnetic lines of force, thereby preventing any large mass flows. The results 
indicate that the maximum value of the transverse flow occurs in the middle of 
the channel for values of ra of approximately half the channel length. The 
largest transverse flows occur in the smallest length channels, 2 = 0.1, 

Density Profile 


The local density is given by p = M Jf dV. Then Q = l/V1 in equa
tion (15). The numerical calculations obeyed the relation 
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Then from symmetry 

Length coordinate 
divided by height, 

X 1  

::1P4} 

$(pE)-PR 

[74] pL-pR 

-Analytical solution for p or $ (pE)
(ra = 4  

Fitted curve 
X I =  112 

1000; 1 lo00 1 0.33 
\ 

4 

__I 
.5 . 6  . 5  . 6  .i . a  . 9  

(a) Channel length divided by height, 1 = 0.1. (b) Channel length divided by height, 1 = 1.0. 

Figure 7. - Density and energy distributions in channel. 
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Following the same procedure as before, we f ind  t h a t  &L=mR = pR, and we ob
t a i n  

These r e s u l t s  a re  shown i n  f igure 7. The l imi t ing  solution of zero 
magnetic f i e l d  agreed well with the  Monte Carlo solut ion fo r  ra = 1000. As 
r, becomes smaller, the  dens i t ies  i n  the channel near the reservoirs  approach 
the  densi ty  of t he  reservoir  more closely. The dens i t ies  a re  symmetrical 
around the  midplane x2 = 1/2; thus, 

and are  re la ted  around the  midplane x1 = 2/2 of t h e  channel by 

Local Kinetic Energy 

The k ine t i c  energy a t  some location i s  given by pE =(M/2).fV2f dV. Then 
Q i n  equation (15) for t h i s  case i s  V2/2V1. The numerical calculations 
obeyed the  r e l a t ion  

3 6  D Ax2NLra 37/;; D Ax2NLra 

men following t h e  same procedure as before, we f ind  t h a t  (pE)mL=mR = 3pR/4p4, 
which is the  k i n e t i c  energy i n  the  reservoir  (ref. 3), and the  solut ion reduces 
t o  

Again there  i s  symmetry around the  midplane x2 = 1/2 of the channel, 
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while around the plane xl = 2/2 of the channel, 

For zero magnetic field (ref. 3) it was shown that (pE)  = 3p/4p2. For 
this case ra=m 

The results plotted in figure 7 show that f o r  smaller values of ra the 

value of $ (pE) is no longer equal to p as for the nonmagnetic case, but 

has decreased near the entrance of the channel and increased near the exit. 
This is true because the higher velocity molecules have a larger gyromagnetic 
radius and so diffuse more readily down the channel than the slower moving 
molecules. 

Collision Rate With Walls 


The mass flow rate incident per unit area on the upper wall and then re
flected can be obtained as follows: The channel wall is divided into incre
ments of width Oxl. In the present calculations, 20 increments along the 
channel surface were used. A t  a particular increment g, given by 
q = (xl/kl)integer + 1, the number of sample molecules colliding into this 

increment is scored: 


This can be rewritten as 


From the numerical calculations it was noted that 
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2-x, 
= 1  


Since by symmetry ’> 

Larmor radius 
livided by chan- -Analytical solution (ra = 4 

ne1 heiqht. Fitted curve to Monte Carlo- .  

-	 ‘a results 
r

0 . l  .2 . 3  . 4  .5 
XI1 2 

(a) Channel length divided by height, 1 - 1.0. (b)Channel length divided by height, 2 = 5. 

Figure 8. -Mass flow reflectedfrom wall. 

These r e s u l t s  a r e  shown i n  figure 8. Again there  i s  good agreement between the 
l imi t ing  ana ly t ica l  solut ion fo r  ra = co and the  Monte Carlo solut ion f o r  
ra = 1000. For the’ smaller values of ra the  m a s s  flow ref lec ted  from the  
w a l l  near the reservoir  i s  c loser  t o  the  mass flow in to  the  reservoir.  These 
r e s u l t s  are the  same for t h e  upper and lower w a l l s  and are re la ted  around the  
channel midplane xl = p/2 by 
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Shear Stress  a t  Wall 

The shear s t r e s s  on the  surface i n  the xl-direction i s  given by 

pxl,x2 = (-pViVg),, where V ’  i s  the random component of velocity:  -
V = V‘ + u, where S V ’ f  d% = 0. Since u2 a t  the wall i s  zero, ( - p V I V 1 )1 2 w  -
i s  equal t o  ( - Q V ~ V ~ ) ~ .Since the  ions a re  ref lected diffusely they do not con

t r ibu te  t o  the surface shear; thus, the r e su l t  is 

pV’V‘-
= & ‘lVZf 

‘L (3 + ‘R (2vl)R(e)wdv)w = D hl n”l 

A s  before from the  numerical calculations 

-
and proceeding i n  a similar manner, we f ind (pV1V

2 
)w,mL=mR = 0 and obtain from 

equation (26)  

Larmor radius
Analyticalsolution divided bychan
(ra-4 

- Fitted curve ne1 height, 

‘a 

loo0 


-o-~+-J- -c-c-~9- 1Q-0--U 

-

-
--@+-e-G+G <-@ .333 

I I I I I 
.1 .2 . 3  . 4  .5 

Xlll 

Figure 9. - W a l l  shear distribution. Channel length 
divided by height, 2 = 1.0. 
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‘’- (27)  

These r e su l t s  a re  shown i n  f i g -
We 9 and are  the same on the upper 
and the lower walls. The r e su l t s  a re  
a l so  symmetrical around x1/2 = 0.5. 
The shear s t r e s s  for  ra of 1000 i s  
seen t o  agree well with the  non
magnetic ana ly t ica l  solution. The 
shear s t r e s s  i s  seen t o  decrease fo r  
smaller values of ra. Since t h i s  
corresponds t o  smaller values of mass 
flow through the channel, t h i s  r e su l t  
would be expected. 



CONCLUSIONS 


The e f f ec t  of the increasing magnetic f i e l d  i s  t o  reduce the mass flow of 
the ions through the channel. The magnetic f i e l d  a l so  causes a transverse 
mass ion flow to occur perpendicular to the  through-flow and pa ra l l e l  to the 
channel w a l l s .  This transverse flow reaches a maximum and then decreases as  
the magnetic f i e l d  becomes stronger. The decrease is  due to the strong magne
t i c  f i e l d  trapping the charged par t ic les .  

The Monte Carlo solution worked well with this problem. The major draw
back w a s  the large amount of computer time necessary t o  run the analysis. 
Generally, 200,000 sample ions were needed fo r  each case to reduce the  scat
t e r  i n  the resul ts .  A l e s se r  number of t r i a l s  gave points f a l l i n g  around the  
correct solution but with la rger  scat ter .  The t r i a l s  were run on an I B M  7094 
computer and each case ran approximately 45 minutes. The amount of time each 
sample ion ran would increase with longer channels and higher magnetic f ie lds .  
The sca t t e r  i s  decreased i f  a large number of sample ions are t a l l i e d  a t  a 
par t icular  posit ion s o  t h a t  more meaningful s t a t i s t i c a l  averages. can be ob
tained. More advanced techniques such as  s p l i t t i n g  o r  Russian roule t te  could 
be used t o  decrease the computing time. With t h i s  Monte Carlo procedure, 
other boundary conditions can readi ly  be used and the method could be extended 
to include in te r ion ic  coll isions.  

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, July 21, 1964 
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APPENDIX - ENTERING I O N  SPEED AND DIRECTION 

The number of molecules moving i n  the xl-direction f i  d%, where 
d% = dVl dV2 dV3 with the  veloci ty  i n  the  range d% f o r  an assumed 
mxwellian dis t r ibut ion,  i s  given by 

PLP3 2 2 
f$ d% = 77% e-p dV1 dV2 dV3 

where V2 = Vf + V$ + V$. The number of molecules entering the channel per 
u n i t  time per u n i t  area i n  the incremental veloci ty  range of d% from the  
l e f t  reservoir i s  given by d m ~ / M  = Vlf$ d%. If t h i s  i s  integrated over V1 
from 0 t o  a3 and V 2  and V3 from -co t o  -I=, the t o t a l  flow entering the 
channel i s  mL = pL/2p7t1/'. The d is t r ibu t ion  of ve loc i t ies  of the ions 
entering the channel from the l e f t  reservoir then can be wri t ten as 

This can be transformed i n t o  spherical  coordinates where V 1  = V cos $, 

V2 = V s i n  $ s i n  $ s i n  8 ,  and V3 = V s i n  $ cos 8 ,  where $ i s  the cone angle 

measured from the xl-axis and 8 i s  the  polar angle measured from the 

xllx3-plane. Then equation ( A 2 )  can be wri t ten as 


M 
vp-6 a% 

-- V3e-p2v2 cos $ s i n  $ dq de dV 
mL 7c 

This gives the  f r ac t ion  of a l l  t he  molecules i n  the ranges dV de d$ entering 
the  channel. The f r ac t ion  of molecules t h a t  a re  i n  the  velocity range. dV i s  
given by taking the marginal d i s t r ibu t ion  f ~ , v ,which i s  obtained by in t e 
grating equation (A3) over 8 from 0 t o  27r and 9 from 0 t o  7r/2 t o  give 

Similarly, the marginal frequencies f o r  6 and $ a f t e r  integrat ing over V 
from 0 t o  co a re  

f M , q  d$ = 2 COS $ Sin $ di!, (A44 

We can pick from t h i s  d i s t r ibu t ion  by s e t t i n g  the random number R equal 

t o  the cumulative d is t r ibu t ion  function R = f 4 ,  dx' as i n  references 2 

and 3. Then the  machine can pick a random number R and solve f o r  t he  random 
variable x from the previous relation. For equations (A4) t h i s  gives 
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e 
R e  = 

R,,, = sin2q 

Solving f o r  v i n  equation (A5a) f o r  a given R, i s  d i f f i c u l t  bec se of i t s  
form; however, v could be obtained i n  the  follo&ng m a n n e r :  If equation (A2) 
i s  wri t ten i n  cy l indr ica l  coordinates, 

where V 1  = VI, V2 = Vr cos 8 and Vg = Vr s i n  8. Then as before the  new 
marginal d i s t r ibu t ions  a re  

2 2
fM,V l  dV1 = 2p2V1e-p '1 dVl ( A 7 4  

2 2  

fM,vr 
dVr = Z p  2Vre -p V r  dVr ( A n  1 

This gives, as before, 

Then 

This means we can choose v by using two random numbers i n  equation (A9) .  

2 1  
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